ABSTRACT This paper studies the impulse bipartite consensus problem of networked harmonic oscillators based on the relative position measurements. Two impulse bipartite consensus control protocols are presented. By exploiting the property of the Laplacian matrix corresponding to the coopetitive network, some criteria that ensure bipartite consensus are given. Furthermore, the final convergence states of the coupled harmonic oscillator system are presented. Finally, simulation examples are given to verify the effectiveness of the theoretical results.
I. INTRODUCTION
Recently, the collective behaviors of coupled harmonic oscillators connected in a cooperative network have been extensively studied in the control community due to their successful application in many engineering fields, such as cooperative patrol, mapping, sampling and surveillance [1] , [2] . As a result, fruitful achievements concerning the cooperative control of coupled harmonic oscillators have been proposed from different perspectives, such as synchronization of coupled harmonic oscillators with continuous-time damping [3] , sampled data [4] , [5] and an event-triggered strategy [6] . Furthermore, this problem has also been studied in the context of LTI passive electrical networks [7] and a random environment [8] - [10] . Recently, Song et al. [11] proposed two distributed continuous synchronization protocols by utilizing current and past relative sampled position data. A similar case on leader-following synchronization of coupled homogeneous and heterogeneous harmonic oscillators was studied in [12] . Zhang et al. [13] studied the synchronization The associate editor coordinating the review of this manuscript and approving it for publication was Alma Y. Alanis.
problem of coupled harmonic oscillators under an undirected network topology by using sampled position states only, and Zhang and Ji [14] then extended this work to a group consensus case under an acyclic partition network topology. One can see [1] - [17] and the references therein to learn more details on this topic.
Since the weights between agents in cooperative network systems are all nonnegative, synchronization or complete consensus is always the control aim in these systems. However, the relation between the agents in the network systems can be not only cooperative but also competitive in several real-world scenarios, which means that it is reasonable to introduce negative weights to describe the antagonistic interactions in the network [18] . Moreover, the term ''coopetition networks'' is used to illustrate network systems with a coexistence of competition and cooperation [19] . For coopetition networks, bipartite consensus describes the final convergent state of controlled network systems, which means that all the agents reach a final state with identical magnitude but opposite sign. This type of consensus is common in many physical phenomena [18] , [19] . As a result, a large number of results on the understanding of bipartite consensus in networked systems have emerged in recent years [18] - [30] . Altafini [18] studied the bipartite consensus problem based on signed graph theory and showed that bipartite consensus in coopetition network systems is equivalent to standard consensus in cooperative network systems by using a gauge transformation. Hu and Zheng [19] investigated the collective behaviors of homogeneous and heterogeneous signed networks and indicated that a structurally balanced network topology plays a key role in achieving bipartite consensus in coopetition networks. In addition, the bipartite consensus problem has also been studied on the background of event-triggered control [23] , [24] , high-order multi-agent systems [25] - [28] and signed social networks [29] , [30] .
On the other hand, many evolution systems or processes in the real world, such as biological neural networks, may change the states abruptly at certain time instants due to a wide variety of environmental factors. These changes are generally expressed in the form of impulsive differential equations [13] , [31] . Moreover, compared with position states, the velocity states is often more difficult to be measured [13] , [14] . However, to the authors' best knowledge, few works have been devoted to the impulse bipartite consensus of coupled harmonic oscillators without velocity measurements. These observations motivated the research work reported in this paper. Our aim in this paper is to study the bipartite consensus of coupled harmonic oscillators under a coopetition network topology via sampled position data only. Two types of impulse bipartite consensus control are presented, and the corresponding convergence criteria are established based on matrix analysis and graph theory. By using a variable transformation, the bipartite consensus problem can then be converted to a standard consensus problem, and the structure of the transformation matrix displays an important role in reaching bipartite consensus of the whole system. Compared with [13] and [14] , the main difference in the current paper is that the corresponding Laplacian matrix of the network topology may have negative weights, which leads to different convergent states. Different from [16] , the control protocols given in this paper only use sampled position states. Furthermore, we also establish a pinning-like group consensus control law to realize the bipartite consensus.
The rest of this paper is organized as follows. After some preliminaries are given in Sec. II, two different types of bipartite consensus control strategies and the corresponding stability analysis are presented in Sec. III. In Sec. IV, numerical simulations are given to validate the theoretical results. The conclusion is presented in Sec. V.
II. PRELIMINARIES A. NOTATIONS AND GRAPH THEORY
In this paper, a weighted directed graph is used to describe the communication topology of n coupled harmonic oscillators. Let G = {V, ξ, A} be a weighted directed graph with node set V = {1, 2, · · · , n}, edge set ξ ⊆ V × V and weighted adjacency matrix A = [a ij ] ∈ R n×n , where a ij = 0 if the edge (j, i) ∈ ξ and a ij = 0 otherwise. An edge sequence taking the form (i 1 , i 2 ), (i 2 , i 3 ) · · · is called a directed path in G. A directed semipath is defined as a sequence of nodes
A directed semicycle is a directed semipath beginning and ending with the same nodes. A semicycle is said to be positive if the product of the weights a ij in the semicycle is positive. A directed graph G is structurally balanced if all the semicycles in G are positive and structurally unbalanced otherwise. The Laplacian matrix L = [l ij ] ∈ R n×n is defined as l ij = −a ij , if i = j and l ii = − n j=1,j =i |a ij |. Some fairly standard notations are given in the following. 1 n ∈ R n is the vector with all ones, O n ∈ R n×n is the zero matrix and I n ∈ R n×n is the identity matrix.
For the following discussion, a lemma will be needed. Lemma 1 [32] 
where i = 1, 2, · · · , n, r i (t) and v i (t) are the position and velocity of the i-th oscillator, respectively, α > 0 is the frequency or position gain of the oscillators in the network, and u i (t) is the control input of the i-th oscillator.
To guarantee that bipartite consensus is achieved, we present the following control protocol for system (1) as (2) , shown at the top of the next page, where sgn(·) is the sign function, δ(t) is the Dirac delta function defined by δ(t) = 0, t = 0;
By using the control protocol (2) on system (1) and integrating the second equation of system (1) at t = t k , we have
and therefore, (4) , as shown at the top of the next page. Letting r(t) = (r 1 (t), r 2 (t), · · · , r n (t)) T and v(t) = (v 1 (t), v 2 (t), · · · , v n (t)) T , the system (1) under the control protocol (2) can be reformed via the following VOLUME 7, 2019
compact equation:
Remark 1: Although Eq. (5) appears similar in form to system (3) in [13] , the communication weights considered in this paper can be positive and negative. Accordingly, the corresponding Laplacian matrices in the current paper have a different structure from those in [13] , and the eigenvalues and eigenvectors are also different. This situation leads to a different analysis method and different convergence states from those in [13] . At the end of this section, the definition of bipartite consensus in networked harmonic oscillators systems (1) is introduced as following. [33] and [34] and cluster consensus (requires that all the agents reach group consensus and the final convergent states of the agents in different subgroups are not equal) considered in [35] , bipartite consensus requires the convergent states of agents in different subgroups to have not only the same modulus but also opposite signs, which is more stringent than group consensus and cluster consensus with two subgroups.
Definition 1: The networked harmonic oscillators systems (1) is said to reach bipartite consensus by using control law u
i , i = 1, 2, · · · , n, if for almost all ini- tial conditions, lim t→∞ |r i (t)| = lim t→∞ |r j (t)| = 0 and lim t→∞ |v i (t)| = lim t→∞ |v j (t)| = 0 for all i, j ∈ {1, 2, · · · , n}, and lim t→∞ r i (t) = − lim t→∞ r j (t), lim t→∞ v i (t) = − lim t→∞ v j (t) for some i = j. Remark 2: The conditions lim t→∞ |r i (t)| = lim t→∞ |r j (t)| = 0 and lim t→∞ |v i (t)| = lim t→∞ |v j (t)| = 0 in Definition 1 exclude the case that lim t→∞ r i (t) = − lim t→∞ r j (t) ≡ 0 and lim t→∞ v i (t) = − lim t→∞ v j (t) ≡ 0.
III. MAIN RESULT A. BIPARTITE CONSENSUS IN ALL-NEGATIVE NETWORKS
Suppose that G is a directed all-negative weighted network with a spanning tree and G is bipartite. Then, the node set V can be divided into two subgroups, V 1 and V 2 , that satisfy
self-similar and L is a standard Laplacian matrix without negative weights. Then, we can conclude that L has a simple 0 eigenvalue and all the rest of the eigenvalues of L have positive real parts. Furthermore, the right and left eigenvectors of L associated with eigenvalue 0 can be taken as
Since L and L are similar, they have the same eigenvalues
where λ 1 = 0 and Re(λ i ) > 0, i = 2, 3, · · · , n. Moreover, ξ = 1 n and π = p are the right and left eigenvectors of L associated with eigenvalue 0, respectively. Theorem 1: Assume that the directed all-negative network G is bipartite and has a spanning tree. Then, by using the control protocol (2) for system (1) 
, the state [r i (t), v i (t)] T of the i-th oscillator described by Eq. (1) asymptotically converges to [r i (t),v i (t)] T as t → ∞ if and only if the following condition is satisfied,
}, and λ k , k = 2, 3, · · · , n, are the nonzero n−1 eigenvalues associated with the matrix L . That is, the system (1) reaches bipartite consensus.
Proof: Introducing two new variables as
Note that the matrices diag{ , } and reformed as
Obviously, the result [
. Defining the consensus errors as e(t) = [e 1 (t), e 2 (t), · · · , e n (t)] T and
with initial conditions e(0)
By straight computation, one has
and therefore, Eq. (11) can be transformed as
where
By Eq.(12), one obtains
Notice that (1 n p T ) 2 = 1 n (p T 1 n )p T = 1 n p T , so the matrix I n −1 n p is idempotent. Noting that the vectors 1 n and p are the eigenvectors of L associated with eigenvalue 0, respectively, one has L 1 n p T = 1 n p T L = O n . Therefore, by Eq. (14), we have
Next, we shall show the convergence of the zero solution for the consensus error system (15) . To do so, we only need to evaluate the spectral radius of M such that ρ(M) < 1.
It easy to see that J is a Jordan upper diagonal block matrix with respect to the eigenvalues λ 2 , · · · , λ n of L and q i ∈ R n (resp. l i ) are the right (resp. left) eigenvectors or generalized eigenvectors of L associated with the eigenvalues λ i (i = 2, 3, · · · , n). From the structure of the matrix 1 n p T , we have U −1 1 n p T U = diag{1, 0, 0, · · · , 0} =: H . Notice that the matrices (cos
diag{U , U } are commutable. Then, it follows that
Obviously, both matrices M and W have the same eigenvalues. Note that HK = KH = O n . This result combined with Lemma 1 implies the characteristic equation of the matrix M as, (17) , shown at the top of the next page, where A = sin √ αh and B = cos √ αh.
The Schur stability of (λ) can be illustrated by the same arguments from existing literature (such as [36] ), and we find that (λ) is Schur stable if and only if Eq. (7) holds. Thus, the proof is complete.
Remark 4: Reference [19] indicates that if an all-negative network is structurally balanced, then it is bipartite. Therefore, if an all-negative network is structurally balanced and VOLUME 7, 2019
has a spanning tree, system (1) (7) holds, where λ k , k = 2, 3, · · · , n, are the nonzero n − 1 eigenvalues associated with the matrix L. This point extents the result of [13] to a directed network topology and can also be seen as a special case of the group consensus problem discussed in [14] (the number of subgroups is 1).
B. BIPARTITE CONSENSUS IN HETEROGENEOUS SIGNED NETWORKS 1) STRUCTURALLY BALANCED HETEROGENEOUS SIGNED NETWORKS
In this subsection, the bipartite consensus of coupled harmonic oscillators under a heterogeneous signed network topology is discussed. Note that a heterogeneous signed network means that the coupled weights between the oscillators can be positive and negative, and this type of network is called a coopetition (coexistence of cooperative and competitive) network. From Theorem 1, we know that the bipartite structure of the network topology plays an important role in reaching bipartite consensus. Furthermore, [19] shows that if a heterogeneous signed network is structurally balanced and has a spanning tree, then the node set V can be divided into two subgroups as
satisfying a ij ≥ 0, if i, j ∈ V µ , µ = 1, 2, and a ij ≤ 0, if i ∈ V µ , j ∈ V w , µ, w ∈ {1, 2} and µ = w. Based on the above discussion, we can give the following result.
Theorem 2: Suppose that the directed heterogeneous coopetition network G is structurally balanced and has a spanning tree. Then, by using the control protocol (2), system (1) can reach bipartite consensus if and only if the following condition is satisfied
}, and λ l , l = 2, 3, · · · , n, are the nonzero n − 1 eigenvalues associated with the matrix L . Here, the matrix is defined as = diag{φ 1 , φ 2 , · · · , φ n }, where φ i = 1, if i ∈ V 1 and φ i = −1, if i ∈ V 2 , and V i , i = 1, 2, are defined in (18) . Furthermore, the final state of the controlled system (1) can be explicitly expressed as
and
Proof: Obviously, if G is structurally balanced and has a spanning tree, then G is a bipartite graph. Moreover, it can be seen from the structure of the matrix that L can be regarded as a Laplacian matrix corresponding to a directed graph with nonnegative weights that has a spanning tree. Then, the existence of λ i , i = 2, 3, · · · , n, and the vector p in Theorem 2 can be illustrated. The subsequent proof of Theorem 2 involves the same procedure as that for Theorem 1, and we omit it here for brevity.
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Remark 7: The heterogeneous coopetition network topology is also discussed in the group consensus case in [33] - [35] . Compared with group consensus, bipartite consensus has a higher requirement, that is, the final consensus state from different subgroups has the same modulus but opposite sign. On the other hand, the structure of the coopetition network topology studied in [33] has an acyclic partition that leads to group consensus convergence. However, Theorem 2 requires that the network topology has a bipartite partition that leads to bipartite consensus.
2) HETEROGENEOUS SIGNED NETWORKS WITH AN ACYCLIC PARTITION
Next, the bipartite consensus problem under a directed heterogeneous coopetition network topology with an acyclic partition is discussed. Suppose that the network graph G has an acyclic partition with the form {V 1 , V 2 }. Without loss of generality, we can assume that V 1 = {1, 2, · · · , m} and V 2 = {m + 1, m + 2, · · · , n}. Then, the corresponding Laplacian matrix takes the form
where L 11 ∈ R m×m and L 22 ∈ R (n−m)×(n−m) are associated with the subgroups G 1 and G 2 , respectively. L 21 ∈ R (n−m)×m specifies the information exchange from subgroup G 1 to G 2 , where G i denotes the underlying topology of the node subset V i , i = 1, 2. Just as stated in [33] - [35] , we also assume here that the weights a ij , i, j = 1, 2, · · · , n, satisfy a ij ≥ 0, i, j ∈ V 1 or i, j ∈ V 2 . Therefore, a ij < 0 can only exist if i ∈ V µ and j ∈ V w , µ = w. We introduce two virtual leaders Y i , i = 1, 2, whose position γ i (t) and velocity σ i (t) satisfy
with the initial conditions γ i (0) and σ i (0) satisfying γ 2 (0) = −γ 1 (0) and σ 2 (0) = −σ 1 (0), respectively. Obviously, the trajectories of Y 1 and Y 2 have the same modulus and opposite directions. To realize bipartite consensus, we propose a pinning-like impulse control protocol for system (1) as
, 2, · · · , n}, j ∈ {1, 2} and τ i > 0 then agent i is pinned and τ i = 0 otherwise. In order to obtain the bipartite consensus criterion for system (1) by using the control law (24), the following two assumptions are needed [33] . 
It is easy to see that under Assumptions 1 and 2, all the eigenvalues of L have positive real parts. We denoteγ = (γ 1 
Then, we obtain the consensus error system for system (1) with control protocol (24) as
which has a similar structure to Eq. (5). By the analogous proof procedure of Theorem 1, we can obtain the following result.
Theorem 3: Under Assumptions 1 and 2, if the condition
holds, whereε 1 = max 1≤l≤n {Re(λ l )},ε 2 = max 1≤l≤n
}, and λ l , l = 1, 2, 3, · · · , n, are the eigenvalues associated with the matrixL, then by using (24) for system (1) , r i → γˆi and v i → σˆi, as t → ∞, whereî = j, if i ∈ V j , i = 1, 2, · · · , n, j = 1, 2. (24) for system (1) can achieve bipartite consensus.
IV. SIMULATION STUDY
In this section, we give three examples to validate the theoretical results obtained in Sec. III. The position gain of the oscillators considered in this section is taken as α = 9. Figures 2 and 3 Fig. 4 . Obviously, G is structurally balanced and has a spanning tree. Then G is a bipartite graph, whose node set can be divided into the following two subgroups V 1 = {1, 2, 3, 4, 6} and V 2 = {5, 7, 8, 9}. The matrix takes the form = diag{1, 1, 1, 1, −1, 1, −1, −1, −1} . By direct calculation, of two virtual leaders to be γ 1 (0) = 1.1, γ 2 (0) = −1.1, σ 1 (0) = 1 and σ 2 (0) = −1. The communication topology graphḠ that contains seven agents and two leaders is shown in Fig. 7 . Next, we let the sample period be h = 2.1. Then, from Theorem 3, one concludes that the agents can follow the corresponding leaders. Figures 8 and 9 show the time response of r i (t) and v i (t), i = 1, 2, 3, 4, 5, 6, 7, indicating the effectiveness of Theorem 3.
V. CONCLUSION
This paper investigated the impulse bipartite consensus problem of coupled harmonic oscillators under a coopetitive network topology. Two types of impulse bipartite consensus control protocols using only position states were proposed, and the necessary and sufficient conditions that guarantee convergence of the controlled system were also given. In future work, two aspects should be considered: 1) bipartite consensus in coupled harmonic oscillator systems with measurement noise; and 2) bipartite consensus with communication delays.
